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Matter Lagrangians Coupled with Connections∗
by L.Fatibene, M.Francaviglia, S. Mercadante
Abstract: We shall here consider extended theories of gravitation in the metric-affine formalism with
matter coupled directly to the connection. A sufficiently general procedure will be exhibited to solve the
resulting field equation associated to the connection. As special cases one has the no-coupling case (which
is standard in f(R) literature) as well as the cases already analyzed in [1].
1. Introduction
LetM be a connected paracompact spacetime manifold which allows global Lorentzian metrics.
For the sake of simplicity let us assume that dim(M) = m 6= 2.
Let us consider a metric gµν and a torsionless connection Γ
α
βµ as fundamental fields. We shall
hereafter consider a Lagrangian in the form
L =
√
gf(R) + Lm(g,Γ, φ) (1.1)
where φ is a set of matter fields, g = |det(gµν)| and f is a generic (analytic) function. Similar
situations have been considered before; see [2], [3]. However, to the best of our knowledge a
general procedure to solve these field equations appears here for the first time. For physical
applications see [4], [5], [6]. For physical interpretation see [7].
We can define uλαβ = Γ
λ
αβ− δλ(αΓǫβ)ǫ; this relation is invertible so that the field equations of (1.1)
associated to uλαβ (as derived for example in [1]), are thence in the form
Γ
∇λ
(√
gf ′gαβ
)
= P˜ αβλ (1.2)
where P˜ αβλ is a suitable tensor density of weight 1 which is a function of the matter fields φ,
the metric g and possibly the connection Γ itself. If the matter Lagrangian in (1.1) is linear in
the connection then P˜ αβλ does not in fact depend on the connection. In general the connection
may appear in P˜ αβλ through the covariant derivatives of matter field, in view of the covariance
required.
When the connection enters linearly in Lm then P˜
αβ
λ = P˜
αβ
λ (g, φ) is independent of the
connection itself and one can always recast the matter Lagrangian under the form Lm =
P˜
αβ
λ (g, φ)u
λ
αβ + Z(g, φ) where now Z(g, φ) is the “standard” new matter pseudo-Lagrangian.
We shall herefter present the general solution of this equation in this particular case.
If instead the matter Lagrangian is not linear in the connection then the tensor density P˜ αβλ
does depend on the connection itself. In this case one can only try to “solve” the equation
by considering P˜ αβλ as an additional parameter. This is similar to what one is used to do in
Hamiltonian mechanics in which one considers momenta as independent of the positions and
solves the equation. At least in some cases one could obtain meaningful results, e.g. when
∗
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the particular combination expressing Γ as a function of P happens to be independent of the
connection despite the P s may depend on Γ.
Let us stress that a similar technique is used in ordinary f(R) theories, in which the connection
is “solved” as a function of the metric and the conformal factor f ′ which (at least in the
beginning, i.e. before using the master equation) is itself a function of the connection.
2. Existence and Uniqueness
First of all one defines as usual a conformal metric hαβ = f
′gαβ so that the equation (1.2) can
be recasted as
Γ
∇λ
(√
hhαβ
)
=
√
hP
αβ
λ (2.1)
where we set P˜ αβλ =
√
hP
αβ
λ .
Let us then consider the Levi-Civita connection {h}αµν of the conformal metric h. Accordingly
the difference between the two connections Kαµν := Γ
α
µν − {h}αµν is a tensor. Equation (2.1) can
be thence written as
h
∇λ
(√
hhαβ
)
+Kανλ
√
hhνβ +Kβνλ
√
hhαν −Kννλ
√
hhαβ =
= Kανλ
√
hhνβ +Kβνλ
√
hhαν −Kννλ
√
hhαβ =
√
hP
αβ
λ
(2.2)
which in turn can be simplified to
Kανλh
νβ +Kβνλh
αν −Kννλhαβ = P αβλ (2.3)
Notice that this is an algebraic (in fact linear!) equation for the tensor K.
The homogenous equation (obtained by setting P αβλ = 0) has been already known in [8] to
have a unique solution (i.e. K = 0). Hence we just have to find a particular solution of (2.3);
then that solution is unique in view of Rouche´-Capelli theorem (see [9]).
As usual one can rely on a bit of luck, write down a number of tensors built with the metric
h and the tensor P and search for a particular solution which is a linear combination of such
basic tensors.
Let us then define Pµ := P
αβ
µ hαβ and P
α := P αλλ . By noticing that the tensor K is defined to
be symmetric in its lower indices, we can try with a linear combination
Kαµν = aP(µδ
α
ν) + bP
ασ
(µ hν)σ + cPσh
ασhµν + dh
αλP
ρσ
λ hρµhσν (2.4)
By substituing back into (2.3) one gets
(
b
2 + d
)
P ασν hλσh
νβ+
+
(
a
2 + c
)
Pνδ
β
λh
αν + bP αβλ +
(
b
2 + d
)
P βσν hλσh
αν +
(
a
2 + c
)
Pσh
βσδαλ+
− ( a2 (m− 1) + b2 + c)Pλhαβ − (d+ b2)P νσν hλσhαβ = P αβλ
(2.5)
Thus the ansatz (2.4) is a solution of equation (2.1) if the coefficients are
b = 1 d = − 12 c = 12(m−2) a = − 1m−2 (2.6)
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Since we have assumed that spacetime has dimension m 6= 2 this is a good solution. As usual
two dimensional spacetimes are degenerate under many viewpoints and they must be treated
separately. In this case, e.g., one can easily show that in dimension 2 there is no solution in the
form (2.4) to equation (2.1).
3. EPS Compatible Connections
In [10] Eherls-Pirani-Schild presented an axiomatic introduction to gravitational theories
based on light rays and particles worldlines. In [8] and [1] we investigated a class of La-
grangians called Further Extended Theories of Gravitation (FETG) in which EPS compatibility
is endowed by field equations.
We want here to show that in a FETG the matter Lagrangian is necessarily in the form
Lm =
√
ggµν
Γ
∇µAν (3.1)
where A is a vector density of weight −1.
If the connection has to be EPS compatible with the metric structure one has to have
− 12(m−2)Pµδαν − 12(m−2)Pνδαµ + 12P ασµ hνσ + 12P ασν hµσ + 12(m−2)Pσhασhµν+
− 12hαλP ρσλ hρµhσν = 12 (hαǫhµν − δαµδǫν − δαν δǫµ)αǫ
(3.2)
and we want to write P as a function of α.
By tracing this relation with h one has
Pµ =
m(m−2)
2 αµ (3.3)
By tracing the same equation one gets
Pα ≡ Pαλλ = m−22 hαǫαǫ (3.4)
By substituting back into equation (3.2) one obtains
1
2P
ασ
µ hνσ +
1
2P
ασ
ν hµσ − 12hαǫP ρσǫ hρµhσν = −
m− 2
4
(
hαǫhµν − 2δα(νδǫµ)
)
αǫ (3.5)
Let us now multiply by hνλ
1
2P
αλ
µ + h
ǫ[λP α]σǫ hσµ =
m− 2
2
(
hǫ[λδα]µ +
1
2h
αλδǫµ
)
αǫ (3.6)
One can now split this in the symmetric and skew part with respect to the indices (ασ) obtaining{
P αλµ =
m−2
2 h
αλαµ
hǫ[λP α]σǫ hσµ =
m−2
4 h
ǫ[λδα]µ αǫ
(3.7)
These equations are not independent; in fact substituting the first into the second one, the
second is identically satisfied.
Accordingly, in a FETG in dimension m = 4 the matter Lagrangian coupling with matter
necessarily implies
P αλµ = h
αλαµ (3.8)
If one wants the form α to be independent of Γ then the matter Lagrangian is basically forced
to be in the form (3.1) as it was assumed in [1].
3
4. Conclusions
We have shown how to solve field equations in Extended Theories of Gravitations in the metric-
affine framework (a` la Palatini) with an arbitrary coupling between matter and the connection.
As an application we have shown that in order to have EPS compatibility the coupling should
be necessarily in the form assumed in [8].
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